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Lumly Karhunen Lo\‘eve Ex-











$V$ V $\ll U$ $\partial U/\partial x\ll$ $\partial$U/$\partial$y $\delta$
$(\partial\delta/\partial x)\ll 1$ ( 1 )
$\frac{\partial}{\partial t}(U+u)+(U+u)\frac{\partial}{\partial x}(U+u)+(V+v)\frac{\partial}{\partial y}(U+u)+w\frac{\partial u}{\partial z}$
$=- \frac{1}{\rho}\frac{\partial}{\partial x}(P+p)+\nu(\frac{\partial^{2}U}{\partial y^{2}}+\nabla^{2}u)$ , (1)
$\frac{\partial v}{\partial t}+(U+u)\frac{\partial v}{\partial x}+(V+v)\frac{\partial v}{\partial y}+w\frac{\partial v}{\partial z}=-\frac{1}{\rho}\frac{\partial}{\partial y}(P+p)+\nu\nabla^{2_{v}}$ , (2)
$\frac{\partial w}{\partial t}+(U+$ $\frac{\partial w}{\partial x}+(V+$ $\frac{\partial w}{\partial y}+w\frac{\partial w}{\partial z}=-\frac{1}{\rho}\frac{\partial p}{\partial z}+\nu\nabla^{2}w.$ (3)
$U \frac{\partial U}{\partial x}+V\frac{\partial U}{\partial y}+\frac{\partial\overline{u^{2}}}{\partial x}+\frac{\partial\overline{uv}}{\partial y}+\frac{\partial\overline{u\uparrow v}}{\partial z}=-\frac{1}{\rho}\frac{\partial P}{\partial x}+\nu(\frac{\partial^{2}U}{\partial y^{2}}I,$ (4)
$\frac{\partial\overline{v^{2}}}{\partial y}+\frac{\partial\overline{uv}}{\partial x}+\frac{\partial\overline{vw}}{\partial z}=-\frac{1}{\rho}\frac{\partial P}{\partial y}$ , (5)
$U,V$
$\frac{\partial\overline{uv}}{\partial y}=-\frac{1}{\rho}\frac{\partial P}{\partial x}+\nu(\frac{\partial^{2}U}{\partial y^{2}})$ , (6)
$P+\rho\overline{v^{2}}=P_{e}$ , (7)
(6) (7)
$\frac{1}{\rho}\frac{\partial}{\partial x}(P_{e}-\rho\overline{v^{2}})=-\frac{\partial\overline{uv}}{\partial y}+\nu\frac{\partial^{2}}{\partial y^{2}}U$ , (8)




$U,$ $y,$ $\nu$ , u $*$









$\frac{\partial u_{i}}{\partial t}+U\frac{\partial}{\partial x}u_{i}+(v\frac{dU}{dy}-\frac{d}{d^{y}}\overline{uv})\delta_{i1}+u_{i,j}u_{j}+\frac{1}{\rho}\frac{\partial p}{\partial x_{i}}-\nu\nabla^{2}u_{i}=0$, (14)
KL $\delta^{*}(y^{+}\sim 100)$
$u_{*}$
$\frac{\partial u_{i}}{\partial t}+U\frac{\partial}{\partial x}u_{i}+(v\frac{dU}{d^{y}}-\frac{d}{d^{y^{-}}}\overline{uv})\delta_{i1}+u_{i},\iota\iota+\frac{1}{\rho}\frac{\delta^{*}}{u_{*}^{2}}\frac{\partial^{p}}{\partial x_{i}}-\frac{1}{Re_{*}}\nabla^{2_{u_{i}}}=0$. (15)
$=5$ .Om/s $\delta=$
40.Omm $\theta=4.8mm$ $R_{e}=U_{0}\theta/\nu=1.69\cross 10^{3}$
X $0<y^{+}<122$ 10
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3. Karhunen Lo\‘eve Expansion
Karhunen Lo\‘eve ( $KL$ )
(empirical orthonormal func-
tions) (5)
I $\overline{7}$ $u$ ( $\psi_{n}$ (
$u(y)= \sum_{n=1}a_{n}\psi_{n}(y)\infty$ . (16)
$a_{n}= \int_{I}u(y)\psi_{n}(y)dy$ , $\int_{I}\psi_{n}(y)\psi_{m}(y)dy=\delta_{nm}$ . (17)
$\psi$ —-
$KL$ $u_{N}(y)$




$\alpha=\frac{\int Iu(y)\psi^{*}(y)dy}{(\int I\psi(y)\psi^{*}(y)dy)^{1/2}}$ . (19)
$\int_{I}R(y, y’)\psi_{n}(y’)dy’=\lambda_{n}\psi_{n}(y)$ , (20)






$R_{nn}R_{2n}R_{1n}$ , $R_{ij}=\langle u(yi)u(y_{J})\rangle$ , (23)
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$\psi$n $(y)$ $R$ $\lambda_{n}$
$R(y$ , (Mercer )
$R(y, y’)= \sum_{n=1}\lambda_{n}\psi_{n}(y)\psi_{m}(y’)\infty$ . (24)
(16) (20)




$E= \int_{I}\langle u^{2}(y)\rangle dy=\sum_{n=1}\lambda_{n}\infty$ . (27)
( $y$ ) $KL$
(X ) ( $z$ )
$KL$ (24)
$R(y, y’, r_{x})$ , $r_{x}=|x’-x|=U(y)\cross t$ , (28)
$x$
$\Phi(y, y’, k_{x})=\frac{1}{4\pi^{2}}\int R(y, y’, r_{x})e^{-ik_{x}r_{x}}dr_{x}$ . (29)
$KL$
$\int_{I}\Phi(y, y’, k_{x})\hat{\psi}_{n}^{*}(y, y’, k_{x})dy’=\hat{\lambda}_{n}(k_{x})\hat{\psi}_{n}(y, k_{x})$ . (30)
$\overline{7}$
$y$ ,
$\hat{u}(y, \text{ _{}x})=\sum_{n}\hat{a}_{n}(k_{x})\hat{\psi}_{n}(y, k_{x})$ (31)
$\psi$n(y, (17)
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$\int_{I}\hat{\psi}_{n}(y, \text{ _{}x})\hat{\psi}_{m}^{*}(y, k_{x})dy=\delta_{nm}$ ,
$\langle\hat{a}_{n}(k_{x})\hat{a}_{m}$ ( ) $\rangle=\{\begin{array}{ll}\lambda_{n}(k_{x}) for n=m0 for n\neq m\end{array}$ (32)
$\Phi(y, y’, k_{x})=\sum_{n=1}\lambda_{n}(\text{ _{}x})\hat{\psi}_{n}(y, \text{ _{}x})\hat{\psi}_{n}^{*}(y’, k_{x})\infty$ . (33)
$S(y, k_{x})= \sum_{n=1}\lambda_{n}(k_{x})|\infty$ $n(y, k_{x})|^{2}$ . (34)
4. $KL$
( $y$ ) $KL$
(X ) ( $z$ )
$n$ $u$
$u(x, y, z,t)=\sum_{n,k}a_{k}^{(n)}(t)V^{(n)}(x,y, z,k)$ , $k=(k_{x}, k_{z})$ , (34)
$V_{j}^{(n)}(x, y, z, k)=\psi_{j}^{(n)}(y, k)\exp\{2\pi i(\frac{k_{x}x}{L_{x}}+\frac{k_{z}z}{L_{z}}I\},$ $j=x,$ $y,$ $z$ (35)











$\int_{0}^{L_{1}}\int_{0}^{L_{3}}\int_{0}^{1}N_{j}(u)\psi_{j}^{(n)*}\exp[-2\pi i(\frac{\text{ _{}x}x}{L_{x}}+\frac{k_{z}z}{L_{z}})]dxdydz=0$ . (36)
$a_{k}$
$\sum_{m}g_{nm}(k)\frac{da_{k}^{(m)}}{dt}=\sum_{m}L(m, n, k, Re_{*})a_{k}^{(m)}$
$+ \sum_{p,q}\sum_{k’}Q(p, q, k’, n, k)a_{k’}^{(p)}a_{k-k’}^{(q)}$
$-Re_{*} \sum_{p,q,r}\sum_{k’}C(p, q, r, k’, n, k, )a_{k}^{(r)}a_{k’}^{(p)}a_{k’}^{(q)*}$ . (37)
$g_{nm}(k)$ $L(m, n, k, Re_{*})$ $Q(p, q, k, n, k)$ $C(p, q, r, k’, n, k)$
$g_{mn}( k)=\int_{0}^{1}\psi_{i}^{(m)}(k)\psi_{i}^{(n)*}(k)dy$ .
$L(m, n, k, Re_{*})=L_{1}(m, n,k, Re_{*})+L_{2}(m, n, k, Re_{*})$ ,
$L_{1}(m, n,k,Re_{*})=$
$\frac{1}{Re_{*}}\{-g_{mn}(k)[(\frac{2\pi k_{x}}{L_{x}}I^{2}+(\frac{2\pi k_{z}}{L_{z}})^{2}]+\int_{0}^{1}D^{2}\psi_{i}^{(m)}(k)\psi_{i}^{(n)*}(k)dy\}$ .
$L_{2}(m, n,k,Re_{*})=$
$-Re_{*} \int_{0}^{1}\{\psi_{y}^{(m)}(k)\psi_{x}^{(n)*}(k)+\frac{2\pi k_{1}^{\triangleleft}i}{L_{1}}y\psi_{i}^{(m)}(k)\psi_{i}^{(n)*}(k)\}dy$ .
$Q(p, q, k’, n, k)=$
$-(1- \delta_{k0})\int_{0}^{1}\psi_{j}(p)(k’)\Omega_{i(k-k’)}\cross\psi_{i}^{(q)}(k-k’)\psi_{i}^{(n)*}(k)dy$ .
$C(p, q, k’, n, k)=\int_{0}^{1}\psi_{x}^{(p)}(k’)\psi_{y}^{(q)*}(k’)\psi_{x}^{(n)*}(k)\psi_{y}^{(r)}(k)dy$
$+ \frac{2\pi ik_{x}}{L_{x}}\int_{0}^{1}\psi_{i}^{(n)*}(k)\psi_{i}^{(r)}(k)\int_{0}^{y}\psi_{x}^{(p)}(k’)\psi_{y}^{(q)*}(k’)dy’dy$ ,
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$S_{ij<}= \frac{1}{2}(u_{i<,j}+u_{j<,i})$ . (39)




(37) Ll $(m, n, k, Re_{*})$
$L_{1}(m, n,k,Re_{*})\Rightarrow(1+\alpha)L_{1}(m, n,k,Re_{*})$ , (40)
(37) Lumly
(kx $=$ O) $($ $z=1,2,3,4,5)$
(37) 1
$m=n=1$ Lumly x $=1,2,3,4,5$ ,





$\langle$ $\langle$ 4 $u$
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5 $u$ $(y+=41.96)$ .
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6 $KL$ . $(\alpha=10)$
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6 $KL$ - . $(\alpha=18)$
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